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Abstract
Let G be a topological group acting on a space X. We construct a family of Steenrod’s ∪i -product
[Ann. of Math. (2) 48 (1947) 290] on the Bredon–Illman cochain complex of X [Quart. J. Math.
Oxford Ser. (2) 47 (1996) 199]. As corollaries, we get the existence of Steenrod squares on Bredon–
Illman cohomology with appropriate coefficients as well as the triviality of the Gerstenhaber bracket
induced by the braces at the cochain level [G. Mukherjee, N. Pandey, Homotopy G-algebra structure
on Bredon–Illman cochain complex, Preprint].
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1. Introduction
The Bredon–Illman cohomology was introduced by A. and G. Mukherjee [9]. It
is a generalization to topological groups of an equivariant cohomology theory due to
Bredon [2] for spaces with an action of a fixed discrete groups that yields a nice
obstruction theory (also see Illman work [5]). In the case of a discrete groups, Moerdijk
and Svensson [8] gave an equivalent [10] definition of this cohomology, in terms of the
cohomology of a category, and generalized the Serre spectral sequence to this context.
These theories have coefficients M which are contravariant functors from “the orbit
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category” to unital rings. In the case where M is simple and the group is trivial, the Bredon–
Illman cohomology is the standard singular one.
Steenrod’s ∪i -product first appeared in [13] more than fifty years ago and were used
to build the famous Steenrod squares operations. Ever since, Steenrod squares and other
powers have been fruitfull devices in algebraic topology, notably for computing obstruction
theory and studying homotopy types. The Steenrod squares were quickly seen to exist in
a lot of various cohomology theories (see, for example, [3,7]). In this paper we show that
there exist ∪i -products on the Bredon–Illman cochain complex, generalizing Steenrod’s
∪i -products on singular cochain complex. They yield the existence of Steenrod squares
satisfying the usual axioms (such that the Cartan or Adem relations) if we take local
coefficient with value in rings where 2 = 0. The motivation for this paper came from
Mukherjee and Pandey [11] who build a braces algebra structure (or G-homotopy structure
in the sense of [4]) on the Bredon–Illman cochain complex. The first brace operator {−;−}
is well known to be Steenrod ∪1-product (up to a sign) in the classical singular case.
Furthemore, the existence of Steenrod’s ∪2-product yields the triviality of the Gerstenhaber
structure derived from the braces structure in that case.
Here is the plan of the paper. Section 2 is devoted to the definition and standard
properties of the Bredon–Illman cohomology. In Section 3 we construct the ∪i -products at
the cochain level. We show that they induce Steenrod squares as well as the triviality of the
Gerstenhaber structure derived from the braces structure of [11] in Section 4.
2. The Bredon–Illman cochain complex
Henceforth G will be a topological group and X a G-space. We follow the construction
of [9]. First we need to consider the category πG(X) that plays the role of the category
of orbits in the classical Bredon cohomology. The objects of πG(x) are the G-maps
xH :G/H → X where H is a subgroup of G. Its arrows between objects xH :G/H → X,
xK :G/K → X are the equivalence class of pairs (a˘, ϕ) where a˘ :G/H → G/K is the G-
map corresponding to an inclusion a−1Ha ⊂ K (a ∈ G) [2] and [ϕ] is a G-homotopy from
xH to xK ◦ a˘. Here, denoting I the unit interval (with trivial G-action), we say that two
pairs (a˘, ϕ) and (b˘,ψ) are equivalent if there exists a G-homotopy j :G/H × I → G/K
such j (−,0) = a˘, j (−,1) = b˘ and a G-equivariant map γ :G/H × I × I → X such that
γ (−,−,0) = ϕ, γ (−,−,1) = ψ,
γ (gH,0,−) = xH (gH), γ (gH,1,−) = xK ◦ j (gH,−).
An equivariant local coefficient system on X is a functor M :πG(x)op → Z-alg where
Z-alg is the category of commutative rings with units. A mod 2 equivariant local coefficient
system on X is a functor M :πG(x)op → Z/2-alg where Z/2-alg is the category of
commutative Z/2Z-algebras with units.
We let G acts trivially on the standard n-simplex ∆n and fix an ordering on its
vertices that we will denote by en0 , . . . , enn in what follows. A n-simplex on X is a G-map
σ :G/H × ∆n → X. It gives a map σ˜ :G/H → X by restriction to the first vertex en0 . In
the same way, restricting to the convex hull of k + 1 vertices i0, . . . , ik yields a G-map
σ(i0, . . . , ik) :G/H × ∆k → X. It is clear that σ˜ (i0, . . . , ik) = σ(i0).
G. Ginot / Topology and its Applications 143 (2004) 241–248 243
There is an arrow between σ˜ and σ˜ (i0, . . . , ik) given by the class of (id, ασ ) where ασi0 i0
is the G-homotopy:
ασi0(−, t) = σ
(−, (1 − t)en0 + teni0).
This arrow induces a map σ ∗i0,...,ik :M(σ˜(i0, . . . , ik) → M(σ˜) for any local coefficient
system M .
Fixing such a local coefficient system (mod 2 if we wish so), we say that two n-simplices
σ :G/H ×∆n → X, τ :G/K×∆n → X are equivalent if there exists a G-map a˘ :G/H →
G/K and σ = τ ◦ h where h = a˘ × id :G/H × ∆n → G/K × ∆n. We will write σ ∼h τ
in such a situation. Moreover, we have σ˜ = τ˜ ◦ a˘. We will write h∗ for the induced rings
with unit morphism
M
([(
a˘, (−, t) → σ˜ (−))]) :M(τ˜ )→ M(σ˜ ).
The Bredon–Illman cochain complex is S∗G(X,M) where, for all n 0, SnG(X,M) is the
set of functions f on the n-simplices of X such that f (σ) ∈ M(σ˜) and f (σ) = h∗(f (τ ))
whenever σ ∼h τ .
We denote σ
jˆ
:G/H × ∆n → X the map obtained by restriction to the face of ∆n
obtained by taking the convex hull of all vertices but enj . The differential d :S
n
G(X,M) →
Sn+1G (X,M) is the map given, for all (n+ 1)-simplex σ and n-cochain f , by
d(f )(σ ) = σ ∗0ˆ
(
f (σ0ˆ)
)+ n+1∑
i=1
(−1)jf (σ
jˆ
).
It is known from [9] that d2 = 0, hence S∗G(X,M) is a cochain complex whose homology
will be noted H ∗G(X,M). The differential d can also be written as
∑n
i=0(−1)idi(f ) where
di(f )(σ ) = σ ∗
iˆ
(f (σ
iˆ
)) (= f (σ
iˆ
) if i  1).
We need a result from [11, Lemma 2.2]. If σ is a n-simplex, f a k-cochain and
{i0, . . . , ik} ⊂ {1, . . . , n}, then we denote
fi0,...,ik (σ ) = σ ∗i0,...,ik
(
f
(
σ(i0, . . . , ik)
))
.
Lemma 2.1. If σ ∼h τ with h = aˆ × id, then, for any 0 k  n,
(i) σ(i0, . . . , ik) is equivalent to τ (i0, . . . , ik).
(ii) ci0,...,ik (σ ) = h∗(ci0,...,ik (τ )).
3. Construction of the Steenrod’s ∪i
We wish to construct here a family of natural degree (−i)-products ∪i on S∗G(X,M)
such that, for all f,g ∈ S∗G(X,M),
d(f ∪i g) = (−1)i
(
d(f )∪i g + (−1)|f |f ∪i d(g)
+ f ∪i−1 g + (−1)|f ||g|+ig ∪i−1 f
)
, (I )
where we denote |f | the degree of a function f ∈ S∗G(X,M).
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When such a family exists on a differential graded space, we say that this space admits
Steenrod’s products.
The two first i-products are well known from [11]. They are the cup-product and the
first brace operator x ◦ y = x{y} giving the (shifted) Lie structure on S∗G(X,M) (up to a
sign).
The commutative ring with unit structure on M induces such a structure on S∗G(X,M).
We will denote by • the multiplicative operations in M(σ˜ ) as well as the products of
functions in S∗G(X,M). Let f ∈ SnG(X,M), g ∈ SmG(X,M) and σ be a (n+m)-simplex on
X. The cup-product of f and g is defined by
f ∪0 g(σ) = f0,...,n(σ ) • fn,...,n+m(σ).
The ∪1-product is defined, for a (n+ m − 1)-simplex α, by
f ∪1 g(α) =
n−1∑
i=0
(−1)m(n−1)+i(m+1)f0,...,i,i+m,...,n+m−1(α) • gi,...,i+m(α).
The product ∪0 and ∪1 are of respective degrees 0 and −1.
Lemma 3.1. The product ∪0 is the standard cup-product of S∗G(X,M) and we have
f ∪1 g = (−1)|g|(|f |−1)f ◦ g with the notation of [9]. Moreover
d(f ∪1 g) = −d(f ) ∪1 g − (−1)|f |f ∪1 d(g) − f ∪0 g + (−1)|f ||g|g ∪0 f.
Proof. The two identifications follow from formulas [11, 7], [11, 19]. Then, the identity
of the lemma is a consequence of [11, 4.4(b), 4.5 and 4.6]. It also follows from a
straightforward computation. 
We now define the higher cup-products. Let k  1, f ∈ SnG(X,M), g ∈ SmG(X,M) and
σ be a (n +m − 2k)-simplex on X. Define ∪2k by
f ∪2k g(σ ) =
∑
i1<j1<···<jk<ik+1
±f0,...,i1,j1,j1+1,...,i2,j2,...,ik,jk ,jk+1,...,ik+1(σ )
•gi1,ı1+1,...,j1,i2,...,j2,...,ik+1,...,n+m−2k(σ ).
The sign ± is (−1) at the exponent
k−1∑
s=1
(is+1 − js + 1)
(
s∑
r=1
1 + jr − ir
)
+ (ik+1 − jk)
(
k∑
r=1
1 + jr − ir
)
+
k∑
r=1
ir + jr .
For σ a (n+ m − 2k − 1)-simplex, define ∪2k+1 by,
f ∪2k+1 g(σ)
=
∑
i1<j1<···<ik+1<jk+1
±f0,...,i1,j1,...,ik,jk ,...,ik+1,jk+1,...,n+m−2k−1(σ )
•gi1,...,j1,i2,...,j2,...,ik+1,jk+1(σ ).
The sign ± is (−1) at the exponent
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k∑ ( s∑ )
s=1
(is+1 − js + 1)
r=1
1 + jr − ir + (n +m − 2k − 1 − jk+1)
×
(
k∑
r=1
1 + jr − ir
)
+
k∑
r=1
ir + jr + ik+1.
One can check that for k = 0 these definitions give back ∪0 and ∪1.
Theorem 3.2. The operations ∪i are well defined and form a family of Steenrod’s products
on S∗G(X,M).
Proof. If σ ∼h τ , then by Lemma 2.1(ii) f ∪i g(σ ) = h∗(f ∪i g(τ )), hence the ∪i ’s are
well defined. For i  0, ∪i is of degree i by definition. Lemma 3.1 gives us the identity
that should satisfy ∪0 and ∪1.
We have to check the identity (I) between ∪2k+1 and ∪2k that is to say
d(f ∪2k+1 g) + f ∪2k g − (−1)|f ||g|g ∪2k f
= −d(f ) ∪2k+1 g − (−1)nf ∪2k+1 d(g).
We have
d(f ) ∪2k+1 g(σ)
=
∑
±f0,...,i1,...,is ,js ,...,̂js+l,...,is+1,...,jk+1,jk+1+1,...,n+m−2k(σ )
•gi1,...,j1,...,ik+1,...,jk+1(σ ),
f ∪2k+1 d(g)(σ )
=
∑
±f0,...,i1,j1,...,i2,...,jk+1,...,n+m−2k(σ )
•g
i1,...,j1,i2,...,ir ,...,îr+p,...,jr ,...,ik+1,...,jk+1(σ ).
As it is standard, the notation jˆ means that the index j has to be deleted from the sequence.
In the first row, the sign ± is the same than the one on the definition of ∪2k+1 modified by
−1 at the exponent i1 + i2 − j1 + · · · + is − js−1 + s + l. In the second formula, the sign
is altered by the exponent n + j1 − i1 + · · · + jr−1 − ir−1 + r + p. Now we have
d(f ∪2k+1 g)(σ ) = A(f,g,σ ) + B(f,g,σ )
where
A(f,g,σ ) =
∑
±f0,...,i′1,...,i′s ,j ′s ,...,̂j ′s+l,...,i′s+1,...,j ′k+1,j ′k+1+1,...,n+m−2k(σ )
•gi′1,...,j ′1,...,i′k+1,...,j ′k+1(σ ),
B(f,g,σ ) =
∑
±f0,...,i′1,j ′1,...,i′2,...,j ′k+1,...,n+m−2k(σ )
•g
i′1,...,j ′1,i2,...,i′r ,...,î′r+p,...,j ′r ,...,i′k+1,...,j ′k+1
(σ ).
The sums are taken over all possible indices i1 < j1 < · · · < jk+1 and, for the terms in
A(f,g,σ ), we have denoted i ′t = it +1, j ′t = jt +1 if t > s, and it , jt if not. For B(f,g,σ ),
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we choose i ′t , j ′t equal to it + 1, jt + 1 if k > r , j ′r = jr + 1 and i ′∗, j ′∗ equals to i∗, j∗ for
other indices. With this identification one can check that the terms of the sum in A(f,g,σ )
are contained (up to sign) in d(f )∪2k+1 g(σ). The sign ± in this sum differs from the sign
in the definition of ∪2k+1 associated to the sequence i ′1 < · · ·< j ′k+1 by −1 at the exponent
js + l + j1 − i1 + · · · + js − is + s + 2(k − s) + 1. So it is the opposite of the sign in
d(f ) ∪2k+1 g(σ). A similar computation yields that the terms in the sum B(f,g,σ ) are
contained in f ∪2k+1 d(g) if we multiply them by the sign (−1)n+1.
The remaining terms in d(f )∪2k+1g(σ), f ∪2k+1d(g) are those such that js +1 = is+1,
l = 0,1 in the case of A(f,g,σ ), is + 1 = js , l = 0,1 in the case of B(f,g,σ ). When
s = 0, l = 0, i1 = 0 and j1 = 1, l = 1, we find, using the commutative ring structure on
S∗G(X,M), a sum of terms∑
j1<i2<···<jk+1
±g0,...,j1,i2,...,j2,...,jk+1(σ ) • fj1,...,i2,...,jk+1,...,n+m−2k(σ )
= (−1)mng ∪2k f (σ ).
Considering s = k + 1, jk+1 = n + m − 2k yields in a similar way a sum equals to
−f ∪2k g(σ ). It is straightforward to see that the other terms cancel each others.
The proof of the remaining identities for (I), that is to say:
d(f ∪2k g) − f ∪2k−1 g − (−1)|f ||g|g ∪2k−1 f = d(f )∪2k g + (−1)nf ∪2k d(g)
is analogous. 
4. Two consequences of the ∪i -products
In this section we study two standard consequences of the existence of Steenrod
products on S∗G(X,M).
First, if f ∈ SnG(X,M), we define the Steenrod squares to be the cochains
Sqif =
{
f ∪n−i f if 0 i  n,
0 if i > n.
We have
d
(
Sqi(f )
)= (−1)n−i(df ∪n−i f + (−1)nf ∪n−i df + (1 + (−1)i)f ∪n−i−1 f ).
It follows that if i is odd and f a cocycle, then Sqi(f ) is a cocycle. Moreover, when M is
a mod 2 equivariant local coefficient system, then Sqi sends cocycles to cocycles (for all
i  0).
Theorem 4.1. Let M be a mod 2 equivariant local coefficient system. Then the operations
(Sqi)i0 induce natural transformations of homomorphism H ∗G(X,M) → H ∗+iG (X,M).
Moreover these operations satisfy Cartan and Adem relations as well as, for any f ∈
HmG (X,M), Sq
m(f ) = f ∪0 f and Sqi(f ) = 0 if i > m.
Proof. It mimicks the classical proof of Steenrod. The very definition of the Steenrod’s
product ∪i implies that they are natural with respect to maps X → Y and so are the Sqi . We
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have seen that if M is mod 2 equivariant, the Steenrod squares send cocycles to cocycles.
We have to check that they also send coboundary to coboundary which follows from the
relation
df ∪n−i df = d(f ∪n−i df ) + d(f ∪n−i−1 f ) + 2f ∪n−i−2 f
obtained using (I) two times. Also, if f,g ∈ CmG(X,M) are cocycles, then (I) implies
Sqi(f + g) = Sqi(f ) + Sqi(g) + d(f ∪n−i+1 g)
hence the additivity of Sqi in homology. The identities Sqm(f ) = f ∪0 f and Sqi(f ) = 0
if i > m and f ∈ CmG(X,M) are clear from the definition.
Let f,g be cocycles in CpG(X,M),C
q
G(X,M) and 0  k  p + q . For σ a p + q − k
simplex, we have
(f ∪0 g) ∪p+q−k (f ∪0 g)
=
∑
f0,...,i1,...,ip−i ,...(σ ) • g...,ip−i+1,...(σ )
•fi1,...,j1,...,ip−i ,...(σ ) • g...,ip−i+1,...(σ )
where the sum is over all the p− i and q − j such that p− i + q − j = p+ q − k and f , g
acts respectively on the vertices ep+q+ki1 , . . . , e
p+q+k
ip−i and e
p+q+k
ip−i+1 , . . . , e
p+q+k
ip+q−k . As M(σ)
is a commutative ring, we get the Cartan formula by permuting the factors f and g
Sqk(f ∪0 g) =
∑
i+j=k
Sqi(f ) ∪0 Sqj (g)
for any k (when k > p + q both sides are equal to zero).
It is well known that the Adem relations are implied by the other properties of the
theorem, see [12,3,7], for example. 
Proposition 4.2. If M is the simple coefficient system taking Z/2Z as value, then Sq0 is
the identity, hence H ∗G(X,M) is a module over the Steenrod algebra A2.
Moreover, if G = {e} is the trivial group, then the Steenrod squares Sq∗ constructed on
S∗{e}(X,M) are the same than the usual Steenrod squares on the singular cohomology of X
with coefficients in Z/2Z.
In particular, the operations Sqi are far from being trivial in general.
Proof. Let f be a cocycle in CmG(X,Z/2Z) and σ be a m-simplex. Then
Sq0(f )(σ ) = (f ∪m f )(σ ) = f (σ) • f (σ).
But x • x = x for any x ∈ Z/2Z, hence Sq0(f ) = f which is the only missing axiom in
theorem 4.1 to have a module over the Steenrod algebra.
When G = {e}, the Bredon–Illman cochain complex become the standard singular
complex with constant local coefficient Z/2Z, see [9]. The uniqueness of the Steenrod
operations implies the result [12]. It is also not hard to check directly that the products ∪i
became Steenrod [13] original i-cup products (also see [1]) in that special situation. 
Another consequence of the existence of ∪2 is the following result
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Proposition 4.3. The Gerstenhaber bracket defined on S∗ (X,M), for f ∈ Sn (X,M),G G
g ∈ SmG(X,M), by [f,g] = f ◦ g − (−1)(n+1)(m+1)g ◦ f is trivial in cohomology.
Proof. By Lemma 3.1, we have f ◦ g = (−1)m(n−1)f ∪1 g, hence
[f,g] = (−1)m(n−1)f ∪1 g − (−1)(n+1)(m+1)+n(m−1)g ∪1 f
= (−1)nm+m(f ∪1 g + (−1)nmg ∪1 f )
= (−1)nm+m(d(f ∪2 g) − d(f ) ∪2 g − (−1)nf ∪2 d(g)) by Eq. (I).
In particular, when f,g are cocycles, then [f,g] is the boundary of (−1)nm+mf ∪2 g. 
Remark. Combining the results of Mukherjee and Pandey [11] and of this paper it
is possible to endow the Bredon–Illman cochain complex with a structure of extended
homotopy G-algebra in the sense of Kadeishvili [6].
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